Abstract. If P is a family of filters over some set I, a topological space X is sequencewise P-compact if, for every I-indexed sequence of elements of X, there is F ∈ P such that the sequence has an F -limit point. As recalled in Part I, countable compactness, sequential compactness, initial κ-compactness, [λ, µ]-compactness, the Menger and Rothberger properties can all be expressed in terms of sequencewise P-compactness, for appropriate choices of P.
Introduction
We refer to Part I [L5] for motivations and examples. We shall assume no separation axiom. In order to avoid trivial exceptions, all topological spaces under consideration are assumed to be nonempty.
If X is a topological space, I is a set, (x i ) i∈I is an I-indexed sequence of elements of X, and F is a filter over I, a point x ∈ X is an Flimit point (Choquet [Ch] , Katetov [Ka] ) of the sequence (x i ) i∈I if {i ∈ I | x i ∈ U} ∈ F , for every open neighborhood U of x. If this is the case, we shall also say that (x i ) i∈I F -converges to x. The definition of sequencewise P-compactness is recalled in the abstract. It generalizes former notions introduced by Kombarov [Ko] , and García-Ferreira [G] under different names. It appears in [L3] under different terminology, see [L3, Remark 5.4 ]. See Part I [L5] for more information.
Checking compactness by means of subproducts
Theorem 2.1. Let P be a family of filters over some set I. A product of topological spaces is sequencewise P-compact if and only if so is any subproduct with ≤ |P| factors.
Proof. The only if part is immediate from the trivial observation that sequencewise P-compactness is preserved under continuous surjective images.
For the other direction, by contraposition, suppose that X = j∈J X j is not sequencewise P-compact, thus there is a sequence (x i ) i∈I of elements of X such that, for no F ∈ P, (x i ) i∈I F -converges in X. Notice that a sequence in a product j∈J X j of topological spaces F -converges if and only if, for every j ∈ J, the projection of the sequence onto X j F -converges in X j . Hence, for every F ∈ P, there is some j F ∈ J such that the projection of (x i ) i∈I onto X j F does not F -converge in X j F . Choose one such j F for each F ∈ P, and let K = {j F | F ∈ P}, thus |K| ≤ |P|.
Let X ′ = j∈K X j , and let (x ′ i ) i∈I be the natural projection of (x i ) i∈I onto X ′ . The sequence (x ′ i ) i∈I witnesses that X ′ is not sequencewise P-compact. Indeed, for every F ∈ P, we have that (x ′ i ) i∈I does not F -converge in X ′ , since the projection of (x ′ i ) i∈I onto X j F (which is the same as the projection of (x i ) i∈I ) does not F -converge in X j F . Thus we have found a subproduct with ≤ |P| factors which is not sequencewise P-compact.
Examples
First, notice that the particular case P = {F } of Theorem 2.1 states that a product is F -compact if and only if each factor is F -compact (however, this does not follow from Theorem 2.1, since it is used in the proof). Thus Theorem 2.1 incorporates Tychonoff theorem, since a topological space is compact if and only if it is D-compact, for every ultrafilter D.
Apparently, apart from Tychonoff theorem, the first result of the kind in Theorem 2.1 has been proved by Scarborough and Stone [SS, Theorem 5.6 ], asserting that a product is countably compact, provided that all subproducts by at most 2 2 c factors are countably compact. Scarborough and Stone [SS, Corollary 5.7 ] also furnished the improved value 2 2 ω for the particular case of first countable factors. Ginsburg and Saks [GS, Theorem 2.6 ] then obtained the improved bound 2 2 ω for powers of a single factor, and [Co, Sa] observed that the methods from [GS] give the result for arbitrary factors with the improved bound 2 2 ω , a result which can be obtained as a corollary of Theorem 2.1. Saks [Sa, Theorem 2.3 ] also proved that a product satisfies CAP λ if and only if each subproduct by ≤ 2 2 λ factors satisfies it; actually, he stated the result in terms of an interval of cardinals.
We now present an analogous result for [µ, λ]-compactness. See, e. g., [L1, Section 3] for the properties of [µ, λ]-compactness we shall need.
Corollary 3.1. Let µ ≤ λ be infinite cardinals.
(1) A product of topological spaces is [µ, λ]-compact if and only if so is any subproduct by ≤ 2 2 κ factors, where κ = λ <µ . The above value of κ can be improved to κ = λ, if the interval [µ, λ] contains only regular cardinals.
(2) More generally, a product is [µ, λ]-compact if and only if so is any subproduct by < θ factors, where θ is the smallest cardinal such that both θ > 2 2 ν , for every regular ν such that µ ≤ ν ≤ λ, and θ > 2 2 ν <µ , for every singular ν of cofinality < µ such that µ ≤ ν ≤ λ. (3) If n ∈ ω, λ is a singular strong limit cardinal, and j∈J X j is a product of topological spaces, then the following conditions are equivalent.
Proof.
(1) follows easily from the methods of [Ca, Section 3] . It is essentially proved there that, in the present terminology, a topological space is [µ, λ]-compact if and only if it is sequencewise P-compact, for a certain family P of (µ, λ)-regular ultrafilters over [λ] <µ ; more exactly, for those ultrafilters D over [λ] <µ such that {Z ∈ [λ] <µ | α ∈ Z} ∈ D, for every α ∈ λ. A detailed proof of the result in more general contexts can be found in [L2, Proposition 32 (1) ⇔ (7)] (taking F there to be the set of all singletons of X) and in [L4, Theorem 2.3 ] (taking λ = 1 there). Now the first statement in (1) is immediate from Theorem 2.1, since there are 2 2 κ ultrafilters over [λ] <µ . Concerning the second statement in (1), we first notice that, in the particular case when µ = λ is a regular cardinal, the improved bound κ = λ follows from the fact that, in this case, it is enough to deal with uniform ultrafilters over λ (and there are 2 2 λ many of them),
by [Ca, Lemma 3.3(ii) ′ with µ ≤ λ ′ ≤ λ. In order to prove (2), recall that, for every ν, [cf ν, cf ν]-compactness implies [ν, ν]-compactness. Using this property, together with the last sentence in the proof of (1), it is easy to see that [µ, λ]-compactness is equivalent to the conjunction of (i) [ν, ν]-compactness, for every regular ν with µ ≤ ν ≤ λ, and of (ii) [µ, ν]-compactness, for every singular ν of cofinality < µ such that µ ≤ ν ≤ λ. Now we get (2) by applying, for each ν, the second statement of (1) in case (i), and the first statement of (1) in case (ii).
We now prove (3). First, (a) ⇒ (b) is trivial. Suppose that (b) holds, and let J 1 = {j ∈ J | X j is not initially λ-compact}. We have that |J 1 | < ω n , since, otherwise, by [L1, Theorem 6] , j∈J 1 X j would be not [ω n , ω n ]-compact, contradicting, in particular, the [ω n , ω n ]-compactness of j∈J X j . It is trivial that j∈J 1 X j is [ω n , λ]-compact. On the other hand, by the definition of J 1 , all the X j 's, for j ∈ J 2 , are initially λ-compact, and we get that j∈J 2 X j is initially λ-compact by the celebrated Theorem 1.1 in Stephenson and Vaughan [SS] . Thus, we have proved (c).
In order to prove (c) ⇒ (a), decompose j∈J X j as j∈J 1 X j × j∈J 2 X j . By multiple applications of the first statement in the next proposition, and since λ is singular strong limit, we get that j∈J X j is both [cf λ, cf λ]-compact, and [ω n , λ ′ ]-compact, for every λ ′ < λ. This is enough to show that j∈J X j is [ω n , λ]-compact. Proposition 3.2. If µ ≤ ν, and 2 ν <µ ≤ λ, then the product X 1 × X 2 of a [µ, ν]-compact space X 1 and an initially λ-compact space X 2 is [µ, ν]-compact.
If the interval [µ, ν] consists only of regular cardinals, the assumption 2 ν <µ ≤ λ above can be relaxed to 2 ν ≤ λ.
Proof. The proof is a variation on rather standard arguments. By the mentioned characterization of [µ, ν]-compactness, it is enough to show that, for every sequence in X 1 × X 2 with index set [ν] <µ , there is an ultrafilter D over [ν] <µ such that the sequence D-converges in X 1 × X 2 , and {Z ∈ [ν] <µ | α ∈ Z} ∈ D, for every α ∈ ν. Fix a sequence as above in X 1 × X 2 . By the [µ, ν]-compactness of X 1 , there is D as above such that the first projection of the sequence D-converges in X 1 . By, e. g., [L6, Theorem 2] (with µ = ω there), and since 2 ν <µ ≤ λ, we have that X 2 is D-compact, hence also the second component of the sequence D-converges in X 2 . Thus the sequence D-converges in X 1 × X 2 .
The last statement has a similar proof, using the same arguments as in the second part of the proof of Corollary 3.1(1).
Under special set-theoretical assumptions, we know improvements of Corollary 3.1 and of Proposition 3.2. We shall present details elsewhere.
Other possible examples of applications of Theorem 2.1 could be the Menger, the Rothberger and the related properties studied in [L4] , where these properties are shown to be characterizable in terms of sequencewise P-compactness. However, best results about these properties can be obtained by direct means: see [L4] . A similar situation occurs with regard to sequential compactness, as we shall show in the next section.
Sequential compactness
As in Part I [L5], we exemplify Theorem 2.1 in the case of sequential compactness (actually, getting better bounds).
Recall that a space X is called ultraconnected if no pair of nonempty closed sets of X is disjoint. Equivalently, a space is ultraconnected if and only if {x 1 }∩· · ·∩{x n } = ∅, for every n-tuple x 1 , . . . x n of elements of X.
Recall that the splitting number s is the least cardinality of a family S ⊆ [ω] ω such that, for every A ∈ [ω] ω , there exists S ∈ S such that both A ∩ S and A \ S are infinite. See, e. g., [vD] for further details.
Proposition 4.1. If a product is sequentially compact, then the set of factors with a nonconverging sequence has cardinality < s.
Proof. Suppose by contradiction that there are ≥ s factors with a non converging sequence. Since each factor is sequentially compact, then, by [L5, Lemma 7] Proof. An implication is trivial. For the other direction, suppose that each subproduct of X = j∈J X j by ≤ s factors is sequentially compact, and let J ′ = {j ∈ J | X j has a nonconverging sequence}. If
By assumption, j∈J ′′ X j is sequentially compact, and we get a contradiction from Proposition 4.1. Thus
The first factor is sequentially compact by assumption, since we proved that |J ′ | < s. For each j ∈ J \ J ′ , we have that every sequence on X j converges, thus in j∈J\J ′ X j , too, every sequence converges. Then X is sequentially compact, being the product of two sequentially compact spaces.
Notice that if in Corollary 4.2 we replace s by the rougher estimate c, then the corollary is a consequence of Theorem 2.1, since we have showed in Part I [L5] that there is some P of cardinality c such that sequential compactness is equivalent to sequencewise P-compactness. We do not know the value of the smallest cardinal λ such that sequential compactness is equivalent to sequencewise P-compactness, for some P with |P| = λ. Of course, if λ were equal to s, then Corollary 4.2 would be a direct consequence of Theorem 2.1. As we mentioned, it follows from Part I [L5] that λ ≤ c. Moreover, λ ≥ s, since otherwise, if λ < s, then by Theorem 2.1, we could prove Corollary 4.2 for the improved value λ in place of s, but this is false, since 2 s is not sequentially compact, though 2 µ is sequentially compact, for every µ < s (here, 2 is the two-elements discrete topological space; see [vD] for the quoted results).
In conclusion, we show that, under a relatively weak cardinality assumption, we can replace "subproducts" with "factors" in Corollary 4.2. Let h be the smallest cardinal such that there are h sequentially compact spaces whose product is not sequentially compact. Usually, the definition of h is given in some equivalent form: see [Si] for the proof of the equivalence, and [vD, V, Bl2] for further information. It is known that h ≤ s, and that h < s is relatively consistent. Corollary 4.3. Assume that h = s, and that X is a product of topological spaces. Then the following conditions are equivalent.
(1) X is sequentially compact.
(2) All factors of X are sequentially compact, and the set of factors with a nonconverging sequence has cardinality < s. (3) All factors of X are sequentially compact, and all but at most < s factors are ultraconnected.
Proof. Conditions (2) and (3) are equivalent by [L5, Lemma 7] . Condition (1) implies Condition (2) by Proposition 4.1. The proof that (2) implies (1) is similar to the proof of Corollary 4.2. Suppose that (2) holds, and that X = j∈J X j . Split X as j∈J ′ X j × j∈J\J ′ X j , where J ′ = {j ∈ J | X j has a nonconverging sequence}. By (2), and the assumption, |J ′ | < s = h, hence, by the very definition of h (the one we have given), j∈J ′ X j is sequentially compact. Moreover, j∈J\J ′ X j is sequentially compact, since in it every sequence converges, hence also X is sequentially compact.
Under the stronger assumption of the Continuum Hypothesis, we have learned of the equivalence of (1) and (2) in Corollary 4.3 from Simon Brandhorst [Br] .
Notice that the assumption h = s is necessary in Corollary 4.3. Indeed, Conditions (1) and (2) in Corollary 4.3 are equivalent if and only if h = s. One implication is given by Corollary 4.3 itself. On the other hand, by definition, there is a not sequentially compact product X by h sequentially compact factors. If h < s, then Condition (2) in Corollary 4.3 trivially holds for such an X, while Condition (1) fails.
As a final remark (quite unrelated with the rest of this note) we show that the mentioned characterizations of the cardinals s and h furnish a curious topological proof of the inequality cf s ≥ h. See [Bl1, Corollary 2.2] for another proof. By the way -and, perhaps, some sort of a curse on the very letter denoting it!-it seems to be still an open problem whether or not it is consistent that s is singular. The next corollary does not use any of the results proved here. Proof. Were cf s = λ < h, we could express 2 s as a product α∈λ 2 σα , for some sequence of cardinals (σ α ) α∈λ , each σ α < s. By the aforementioned characterization of s, each 2 σα is sequentially compact; on the other hand, by the characterization of h, the product is sequentially compact, thus 2 s would be sequentially compact, contradicting the characterization of s.
